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Abstract
In this paper we study the late evolution of Relic Gravitational Waves in coupled dark energy
models, where dark energy interacts with cold dark matter. Relic Gravitational Waves are second
tensorial order perturbations of the Lemaitre-Friedman-Robertson-Walker metric and experiment
an evolution ruled by the scale factor of the metric. We find that the amplitude of Relic Gravita-
tional Waves is smaller in coupled dark energy models than in models with non interacting dark
energy . We also find that the amplitude of the waves predicted by the models with coupling term
proportional to the dark energy density is smaller than those of the models with coupling term
proportional to dark matter density.
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I. INTRODUCTION
Recent observational data indicates that the Universe is experimenting an accelerating
expansion stage [1, 2]. The most favored model to explain the observations is the ΛCDM
model, a Lemaitre-Friedman-Robertson-Walker (LFRW) universe with no curvature, and
three dominant sources of energy density: barionic matter, cold dark matter and a cosmo-
logical constant [3]. On the other hand, the ΛCDM model presents the coincidence problem:
why dark matter has an energy density comparable to that of the cosmological constant pre-
cisely today? (the former being a dynamical quantity that evolves through the history of the
Universe and the latter being a constant). In an attempt to solve the coincidence problem,
other models have been proposed [3]. In quintessence and phantom models, the role of the
cosmological constant is played by the dark energy, a perfect fluid with equation of state
ρφ = wpφ, where −1 & w and w . −1 respectively. For those models the dark energy
density is also a dynamical function that evolves with time, and the coincidence problem
is transformed in the fine tuning problem: the initial dark energy density and w parameter
must be tuned so that the dark energy density becomes of the same order than the dark
matter density today.
In order to solve (or alleviate) the fine tuning problem, the coupled dark energy models
(CDE) are introduced [4]. If the dark energy interacts with the dark matter, then their
evolutions are not independent of each other. In fact they form a dynamical system and they
have similar values today as the dynamical system evolve to a future attractor. Given that
both sources are the ”dark sector” of the Universe (in the sense that no direct observation
of any of them have been recorded to date), a possible coupling between them must be
not discarded beforehand. CDE models present a late evolution that differs from that of
the ΛCDM model. Perturbations of the background metric evolve in a different way and
should be addressed in order to test the validity of the CDE models and/or to bound their
free parameters. An example of this procedure can be found in [5], where the density
perturbations evolution is computed in different CDE models. The authors conclude that
density perturbations present a damping in their amplitudes when they evolve in CDE
scenarios instead of the non-coupled dark energy models. They also find a bound on the
coupling parameter of the model. In [7], density perturbations evolution are also addressed
in CDE models when the CDM perturbation experiments a collapse and clusters. The
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authors demonstrate that the energy density do not always fully cluster with the CDM, and
that the cluster abundance count bounds the parameters of the CDE model considered.
Relic gravitational waves (RGWs) are primordial second tensorial order perturbations
originated at the Big Bang. RGWs mechanism of amplification through the universe ex-
pansion is well-known [8, 9]. RGWs evolution in non-coupled dark energy models has been
addressed in the literature [11]. Obtaining data of RGWs spectrum would make possible to
reconstruct the scale factor of the Universe. Even obtaining some observational bounds on
the spectrum of RGWs would help to discard some dark energy models. Several efforts are
currently being made in order to detect gravitational waves (e.g. ground based detectors
LIGO, VIRGO, space based detector NGO, etc.). RGWs have a small energy density and
its detection by the current experiments is doubtful, although depending on the inflationary
models considered this view changes [12]. Also, 7-year WMAP data has been analyzed to
bound the power spectrum of RGWs [13]. Recently, the discovery of B mode polarization
of the cosmic microwave background anisotropy has been announced [14]. The presence
of RGWs at the last scattering surface would generate the B mode polarization [15]. It is
possible to reconstruct or at least to bind the RGWs spectrum through the observed data
[16]. In this work, we study the late evolution of RGWs in the CDE models. Given that the
dark energy cannot be observed directly, theoretical bounds and/or indirect measurements
(such as the bounds to the RGWs spectrum) are our only tools to understand the nature of
it.
The plan of the article is the following. In section II, we briefly review the RGWs
amplification mechanism. In section III, we address the dynamics of the CDE models. In
section IV, we discuss the free parameters of the model and we numerically evaluate the
evolution of the RGWs amplitude for different choices of the parameters. In section V, we
estimate the power spectrum of the RGWs of the previous section. Finally, in section VI,
we summarize the findings.
From now on, we assume units for which c = ~ = kB = 1. As usual, a zero subindex
refers to the current value of the corresponding quantity; likewise we normalize the scale
factor of the metric by setting a0 = 1.
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II. RGW EVOLUTION FROM THE BIG BANG UNTIL THE DUST ERA
We consider a flat LFRW universe
ds2 = −dt2 + a(t)2 [dr2 + r2dΩ2] = a(η)2[−dη2 + dr2 + r2dΩ2],
where t and η are, respectively, the cosmic and conformal time (a(η)dη = dt).
By introducing a small perturbation of the metric (gαβ = gαβ + hαβ, |hαβ|  |gαβ|,
α, β = 0, 1, 2, 3) the perturbed Einstein equations follow. To linear order, the transverse-
traceless tensor solution which represents sourceless weak RGWs can be expressed as [8, 9]
hij(η,x) =
∫
h
(k)
ij (η,x)d
3k,
h
(k)
ij (η,x) =
µ(η)
a(η)
Gij(k,x), (1)
where latin indices run from 1 to 3, and k is the commoving wave vector. The functions
Gij(k,x) and µ(η) satisfy the equations
Gji
;m
;m = −k2Gji , Gji ;j = Gii = 0, (2)
µ′′(η) +
(
k2 − a
′′(η)
a(η)
)
µ(η) = 0, (3)
where the prime indicates derivative with respect conformal time and k =
∣∣k∣∣ is the constant
wave number related to the physical wavelength and frequency by k = 2pia/λ = 2piaf = a ω.
The functions Gji are combinations of exp(±ikx) which contain the two possible polar-
izations of the wave, compatibles with the conditions (2).
The equation (3) can be interpreted as an oscillator parametrically excited by the term
a′′/a. When k2  a′′
a
, i.e., for high frequency waves, expression (3) becomes the equation of
a harmonic oscillator whose solution is a free wave. The amplitude of h
(k)
ij (η,x) will decrease
adiabatically as a−1 in an expanding universe. In the opposite regime, when k2  a′′
a
, the
solution to (3) is a lineal combination of µ1 ∝ a(η) and µ2 ∝ a(η)
∫
dη a−2. In an expanding
universe µ1 grows faster than µ2 and will soon dominate. Accordingly, the amplitude of
h
(k)
ij (η,x) will remain constant so long as the condition k
2  a′′
a
is satisfied. When it is
no longer satisfied, the wave will have an amplitude greater than it would in the adiabatic
behavior. This phenomenon is known as “parametric amplification” of relic gravitational
waves [9, 10].
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For power law expansion a ∝ ηl (l = −1, 1, 2 for inflationary, radiation dominated and
dust dominated universes, respectively) the solution to equation (3) is
µ(η) = (kη)
1
2
(
K1Jl− 1
2
(kη) +K2J−(l− 12)
(kη)
)
,
where Jl− 1
2
(kη) , J−(l− 12)
(kη) are Bessel functions of the first kind and K1,2 are integration
constants.
We assume now that the universe experiments and inflationary stage of evolution followed
by a radiation dominated stage and a dust stage [10]. Transitions between successive eras
are assumed instantaneous. This approach is known as sudden transition approximation,
and it is a reasonable approximation when the transition time span between the different
stages is much lower than the period of the RGWs considered. The scale factor, then, is
a(η) =

− 1
H1η
(−∞ < η < η1 < 0),
1
H1η21
(η − 2η1) (η1 < η < η2),
1
4H1η21
(η+η2−4η1)2
η2−2η1 (η2 < η)
(4)
where the subindexes 1, 2 correspond to the sudden transitions from inflation to radiation
era and from radiation to dust era, respectively, and H1 represents the Hubble factor at the
end of the inflationary era.
The solution to the equation (3) for each era is
µI(η) = CI
[
cos(kη + φI)− 1
kη
sin(kη + φI)
]
(inflationary era) (5)
µR(η) = CR sin(kηR + φr) (radiation era) (6)
µD(η) = CD
[
cos(kηD + φD)− 1
kηD
sin(kηD + φD)
]
(dust era), (7)
where CI,R,D, φI,R,D are constants of integration, ηR = η − 2η1 and ηD = η + η2 − 4η1 .
It is possible to express CR, φR and CD, φD in terms of CI , φI and CR, φR respectively as
µ(η) must be continuous at the transition times η = η1 and η = η2. Averaging the solution
over the initial phase φI the amplification factor is found to be
R(k) =
CD
CI
∼

1 (k  −1/η1),
k−2 (−1/η1  k  1/(ηD2)),
k−3 (1/(ηD2) k).
The evolution of RGW from the instant η2 up to the present day in the standard cos-
mological model is addressed in [11]. As the universe experiments a late accelerated stage
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the potential term a′′/a becomes an increasing function of η. Consequently, some waves
that already where in the adiabatic regime reenter the k2 << a′′/a regime, and cease to
contribute to the physical power spectrum of RGWs.
In the next section, we consider a different scenario where a coupled dark energy (CDE)
stage follows the radiation stage.
III. RGW EVOLUTION FROM THE DUST ERA UNTIL THE PRESENT DAY
A. CDE models and universe expansion
CDE energy models are an alternative to the ΛCDM model in an attempt to solve the
coincidence problem [4]. Those models assume that after the radiation stage the universe
expansion is dominated by a mixture of three dominant energy density sources: Barionic
matter ρb, Cold Dark Matter (CDM) ρc and Coupled Dark Energy ρφ. CDE interacts with
CDM through a positive interaction term Q [17] and, consequently, the energy densities
evolve as
ρ˙b + 3Hρb = 0 ,
ρ˙c + 3Hρc = Q ,
ρ˙φ + 3H(1 + w)ρφ = −Q , (8)
where w is the CDE adiabatic coefficient pφ = wρφ and H is the Hubble factor
H2 =
(
a˙
a
)2
=
8piG
3
(ρb + ρc + ρφ). (9)
In view of the above equations the coupling must be a function of Hρc and/or Hρφ , with
a small proportionality constant [18]. We will consider for simplicity two different coupling
terms
Q1 = αHρc , (10)
Q2 = αHρφ , (11)
where α is an adimensional positive coupling constant. At this point we can solve the
evolution of the universe in terms of the free parameters of the model w and α and the
present day values of the densities ρb0, ρc0 and ρφ0.
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• Interaction proportional to ρc
By plugging Q1 into (8), assuming w is constant, and integrating we get the energy
densities dependence on the scale factor
ρb = ρb0 a
−3 ,
ρc = ρc0 a
−3+α ,
ρφ = ρφ0 a
−3(1+w) + ρc0
α
3w + α
[
a−3(1+w) − a−3+α] . (12)
• Interaction proportional to ρφ
Using Q2 into (8), we obtain
ρb = ρb0 a
−3 ,
ρc = ρc0 a
−3 +
α
3w + α
ρφ0 a
−3 [1− a−3w−α] ,
ρφ = ρφ0 a
−3(1+w)−α . (13)
In each case the Hubble factor is a function of the scale factor a which can be obtained
from the above solutions and (9).
B. RGW late evolution
The amplitude of RGW, µ(η), evolves with conformal time as (3). The dynamics of the
LFRW universe affects the amplitude evolution through the potential term a′′/a.
At this time it is convenient to rewrite equation (3) in terms of the scale factor a. From
the definition of the conformal time and the Hubble factor adη = dt = da/(Ha). Thus,
′ = d/dη = a2Hd/da. The potential a′′/a can be expressed as
a′′
a
(a) = 2a2H2(a) + a3H(a)
dH
da
(a). (14)
The term µ′′(η) of equation (3) is transformed to
µ′′(a) = a4H2(a)
d2µ
da2
(a) +
(
2a3H2(a) + a4H(a)
dH
da
(a)
)
dµ
da
(a). (15)
Note that while integrating equation (3) in terms of the conformal time η the only term
to consider is a′′/a. But when integrating in terms of the scale factor a, an additional term
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proportional to dµ/da appears. We can now make use of the energy densities obtained for
each interaction to evaluate the Hubble factor H(a) and its derivative respect to a (dH/da)
and, eventually, to solve equation (3) by numerical methods. We discuss the results obtained
in the following section.
IV. NUMERICAL RESULTS AND DISCUSSION
First we have a look to the constants appearing in equations (13) and (12), the free
parameters of the model (α and w), the initial conditions and the wave number k.
• Constants ρb0, ρc0 and ρφ0
To fix the present day energy densities, it is convenient to set a scale over the Hubble
factor. We will asume from now on that H0 = 1 (i.e. that (8piG/3)(ρb0+ρc0+ρφ0) = 1).
Then, it is straightforward that
H2(a) = Ωb(a) + Ωc(a) + Ωφ(a), (16)
where Ωi(a) = ρi(a)/(ρb0+ρc0+ρφ0). Observational data define the present day values
of Ω functions at a = a0 = 1. WMAP data set those values to Ωb0 = 0.04, Ωc0 = 0.24
and Ωφ0 = 0.72 [1]. The more recent PLANK observations set them to Ωb0 = 0.05,
Ωc0 = 0.26 and Ωφ0 = 0.69 [2].
The CDE models given by equations (11) have been tested to check whether the density
fluctuations, BAO and supernovas data are in good agreement with those observed
or not, by assuming the WMAP data ([5]). Those models allow the observed density
fluctuations when 0 ≤ α ≤ 0.1. In [6], authors analyze interaction Q1 with negative
values of the coupling parameter and the PLANCK data concluding that the observed
density fluctuations allows an interaction parameter of the order of −0.49 to a 68%
confidence level. In this work we assume the WMAP values in our computations, as
our coupling parameter is positive defined.
• Free parameters α and w
The free parameters of the model are α and w. The first is related to the coupling
term Q and the second is related to the nature of dark energy.
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When the parameter α = 0, dark energy is not coupled to CDM. On the other hand,
for α > 0.1, the structure formation in the CDE model will differ from the predicted
by the CMB data. The difference is due to the presence of too much dark energy at
the decoupling instant [5].
For our computation, we will assume that 0 < α ≤ 0.1. We choose three values in
order to plot the µ function: α = 0.001, 0.01, 0.1. The fist value represents an scenario
where the term a′′/a do not differ considerably from the non-coupled dark energy
model. The late value represents an scenario with a highly coupled dark energy and a
a′′/a term different from the non-coupled dark energy scenario.
For the adiabatic parameter w of dark energy, observational data from Barionic Acous-
tic Oscillations, Supernova Survey and WMAP data of CMB conclude that w ∼ −1
(w = −1 being the cosmological constant model) [3], but both quintessence (w > −1)
and phantom w < −1 models of dark energy are allowed. To numerically obtain and
plot µ, we will assume three possible values: w = −0.9,−1,−1.1.
• Initial conditions and RGW wave number k
As it is mentioned early, the RGW amplitude µ(a) must be a continuous function.
This fact allows to obtain a relation between the different solutions at different stages
of expansion in the sudden transition approach.
In our scenario, the CDE stage of expansion represents a smooth evolution from a
universe dominated by CDM and barionic matter when a → 10−4 until the present
day. In fact, depending on the value of the parameters α and w, the CDE universe will
evolve as a dynamical system to an attractor of the system in which the ratio ρφ/ρc is
constant [4].
Equation (3) is a second order differential equation, and we need initial conditions for
µ and dµ/da in order to solve it. When a→ 10−4, the Hubble factor is approximately
H ' √Ωb0 + Ωc0a−3/2. Thus, the conformal time can be integrated∫ η
η2
dη =
∫ a
10−4
da
a2H
⇒ a = (10−2 + 1
2
√
Ωb0 + Ωc0(η − η2))2. (17)
From the scale factor of above and (3) in the limit a→ 10−4, it is straightforward that
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the RGW amplitude will tend to the dust solution µD from (7) with
ηD =
2√
Ωb0 + Ωc0
(
10−2 +
1
2
√
Ωb0 + Ωc0(η − η2)
)
=
2√
Ωb0 + Ωc0
a1/2, (18)
Thus, it is very reasonable to use as initial conditions for the RGW amplitude
µ(a = 10−4) = µD(ηD(a = 10−4)),
dµ
da
(a = 10−4) =
dµD
da
(ηD(a = 10
−4)). (19)
The constants CD and φD connect the µ solution in the CDE era to the solutions in
previous eras. For the sake of simplicity, we will assume that φD = 0. The constant
φD is an initial phase and it is not important to the general evolution of the amplitude
µ. We will also set CD = 1 as a scale over the amplitude of µ.
Concerning the wave number of the RGW, k, appearing in (3) and (19), the reader
should note that ηD(a = 10
−4) = 2 · 10−2/(√Ωb0 + Ωc0). The argument in the initial
condition (7) reads kηD(a = 10
−4). For the numerical work, it is convenient to define
an adimensional wave number k = k/(
√
Ωb0 + Ωc0H0), where we have momentarily
recovered H0 to stress the adimensionality of k, and the argument in the initial con-
ditions is just 2 · 10−2k. We will also choose three values of the wave number k to
represent the three regimes of the wave equation: k1 = 10
3/2, for the free wave regime
of equation (3) (k2 >> a′′/a); k2 = 101/2 for the k
2 of the same order os magnitude
than a′′/a regime, and k3 = 10−1/2 for the parametric regime (k
2 << a′′/a).
At this point, we are in position to numerically solve equation (3), with the potential
(14) and µ′′ defined by (15), from an initial a = 10−4 up to the present day value a0 = 1
and considering the initial conditions (19).
Once we fix the value of the model parameters α and w, we plot the potential term a′′/a
for every interaction in a semi-logarithmic plot in terms of the scale factor a. Left panel
of Figure 1 represents the potential term for the interaction Q1 with w = −1 and different
values of α, while right panel represents the potential for the interaction Q2 and the same
choice of parameters. In both panels, the black line represents the α = 0.1 scenario, grey
line is the superposition of α = 0.01, α = 0.001 and α = 0.0 lines. Finally the lighter line
represents the potential term of a dust dominated universe (with no dark energy).
From the Figure 1, the reader may observe that there is a slight difference between the
potential of the α = 0.1 and the one of the non coupled model α = 0.0, while the potential
10
FIG. 1: Potential a′′/a vs. a for different choices of the parameters α, w and. Left panel represents
the interaction Q1 and right panel the interaction Q2.
of the α = 0.01 and α = 0.001 models are undistinguishable to bare eye from the latter.
There is also a difference between the potential of both α = 0.1 models for the different
interactions. Comparing the scenarios with CDE with the scenario with no dark energy
(dust scenario), we can state that the potential in the latter decreases at a slower rate. The
former scenarios also present a region where the potential term grows with the scale factor
(related to the acceleration of the expansion of the universe and the evolution of the event
horizon [11]) while in the latter scenario the potential is an ever decreasing function of a.
While the shape of the potential term a′′/a is determinant to the evolution of the function
µ, we cannot conclude that α = 0.0, α = 0.01 and α = 0.01 models will have the same
solution, as other terms have been introduced to equation (3) when we changed the variable
of integration from η to a.
We next plot the numerical solutions for different choices of α, w. In the following figures
the potential term a′′/a vs. a is represented by the thick black line and its semi-logarithmic
scale is shown in the left vertical axis. In the same scale as a′′/a, we have represented the
three values of k2 considered.
We have plotted the numerical solutions µ vs. a as the grey lines that oscillate around
its respective k2 lines, the scale for µ can be found in the right vertical axis (in this scale
the initial amplitude CD is defined as 1). We have also plotted the initial condition µD from
equation (7) for each k as the lighter line.
The results for interaction Q1 are shown in figures 2-4, while the interaction Q2 are shown
in figures 5-7.
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Some general behavior in the plots can be stated before addressing the specifics of each
plot. First, the numerical solutions in the adiabatic regime k3 = 10
−1/2 are almost identical
in all plots. This is related with the fact that for those waves, µ evolves proportional to a
(parametric amplification), no matter what choice of the parameters or interaction is made.
Second, for the other regimes the numerical solutions µ have an amplitude of oscillation
smaller that the initial µD. This is, in part, related to the fact that the potential term
decreases faster in terms of a in the scenarios with CDE than the potential in the dust
scenario.
Comparing the three panels in figure 2 we can state that the bigger the parameter α, the
smaller amplitude of oscillation is. This fact is related with the decrease of the potential
term vs. a in the case of the α = 0.1 plot. The sooner the RGW leaves the super-adiabatic
regime, the smaller the amplitude. For the α = 0.01 and α = 0.001 cases, although the
potential term is similar, the amplitude is still smaller in the α = 0.01 plot because of the
extra term proportional to dµ/da. This behavior can be observed also in the three panels
of figures 3 and 4, respectively.
In [5], the authors report that CDE models present a damping in the power spectrum
of density perturbations compared to non-interacting DE models. In this work we also
find a damping in the amplitude of RGWs for CDE models. In fact, evolution of RGWs
and of density perturbations are ruled by similar equations and mechanisms (the former
being scalar perturbations of the background metric, the latter being second order tensorial
perturbations). In both mechanism, the scale factor defines the amplification experimented
by the perturbations. In this sense, our results agree and complement the results reported
in [5].
Comparing the first panels of figure 2, figure 3 and figure 4 we can state that for the same
α and k, the choice of w has an influence in the frequencies of oscillation of the RGWs at
a larger scales of a, but they present almost the same amplitudes. Comparing second and
third panels of the figures, we can appreciate the same behavior.
Similar conclusions can be asserted from the numerical plots of the interaction Q2. The
bigger the α parameter, the smaller the amplitude of RGWs. And comparing the first panels
of figures 5-7, we can state that w parameter has an impact on the frequency of the waves
at late values of a, but there is no appreciable change in amplitudes.
12
FIG. 2: RGWs amplitude evolution vs. a in CDE model with w = −0.9 and interaction Q1. Refer
to section IV for details.
Finally, we can compare the plots of the two interactions for the same choice of parameters
α, w and k. For α = 0.001, we do not appreciate significant differences in amplitudes of µ
and frequencies are also very similar. A slight difference can be appreciated when comparing
α = 0.01 plots of Q1 with those of Q2, Q1 solutions presenting a smaller amplitude than
Q2 solutions. α = 0.1 plots for Q1 present a significative smaller amplitudes that those of
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FIG. 3: RGWs amplitude evolution vs. a in CDE model with w = −1 and interaction Q1. Refer
to section IV for details.
interaction Q2. The frequencies are also different in both cases. From those results, we can
conclude that interaction Q1 generates RGWs with smaller amplitudes than interaction Q2.
This fact can be explained by the evolution of CDM density in both interactions. Interaction
Q1 predicts less CDM present at the beginning of the dust era than interaction Q2.
14
FIG. 4: RGWs amplitude evolution vs. a in CDE model with w = −1.1 and interaction Q1. Refer
to section IV for details.
V. POWER SPECTRUM
In this section we compute the power spectrum of RGW for the CDE models. For the
sake of clarity, we recover units for H0 and consider the WMAP value H0 = 70km/s/Mpc '
2.27 × 10−18s−1 [1]. Note that the wave number k is not a physical quantity (it is defined
as a commoving quantity), the corresponding physical frequency is defined as ω(a) = k/a.
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FIG. 5: RGWs amplitude evolution vs. a in CDE model with w = −0.9 and interaction Q2. Refer
to section IV for details.
Given that a0 = 1, we can state that ω0 = k, i.e. the frequency of the waves observed today
corresponds to the wavenumber k. In this section, we will refer indistinctly to the present
day frequencies and the wave numbers of the RGW k.
As we have stated in section II, waves whose wave number k2  a′′
a
evolve as free waves
and are not affected by the dynamics of the universe. For a = a2 = 10
−4, we define the
16
FIG. 6: RGWs amplitude evolution vs. a in CDE model with w = −1 and interaction Q2. Refer
to section IV for details.
bound K2 as
K22 =
a′′
a
(a2) = 2a
2
2H
2(a2) + a
3
2H(a2)
dH
da
(a2), (20)
which depends on parameters α and w through H(a2) and
dH
da
(a2). RGW with k  K2 are
not affected by the CDE potential, and their amplitude is proportional to
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FIG. 7: RGWs amplitude evolution vs. a in CDE model with w = −1.1 and interaction Q2. Refer
to section IV for details.
R(k) =
CD
CI
∼
 1 (k  −1/η1 = a1H1),k−2 (a1H1  k  K2),
where a1 and H1 are the scale and Hubble factors at the end of the inflation, respectively.
Although those values depend on the inflationary model considered we will assume the
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typical slow roll inflation value H1 = 10
35s−1. It is straightforward that
a1 = 10
−4 (H(10−4)/H1)1/2 ∼ 10−24,
with H(10−4) being the Hubble factor at the beginning of the CDE era, which depends on
α and w but in any case is of order 10−5s−1.
The waves with k  a1H1 ∼ 1011s−1 did not experiment any adiabatic amplification
and have at the present day an amplitude several orders of magnitude smaller than the
amplitude at the instant they were generated. Consequently, those waves do not contribute
to the power spectrum of RGWs.
Waves with a1H1  k  K2 were amplified adiabatically during the inflation and re-
sumed the evolution as free waves after it. RGW with k  K2, experimented a an ampli-
fication during inflation and a second one in the CDE era. Both set of RGW have to be
considered in the power spectrum.
On the other hand, the perturbations whose wave number is k  (a′′/a)(a = 1) have
wavelengths larger than the Hubble radius of the universe, i.e. in the whole history of
the universe, they have not completed one single period of oscillation. Those perturbation
cannot be considered waves. This fact puts lower bound on the wave number for the RGW
spectrum, K0 where
K20 =
a′′
a
(a = 1) = 2H20 +H0
dH
da
(a = 1). (21)
The term dH
da
of the above equation depends on α and w, but in all the cases considered K0
is of order H0.
We consider the power spectrum defined as in [19], P (k) = kh(k)2 where h(k) = |µ(k)|/a
and |µ(k)| is the amplitude of oscillation of function µ. The waves with K2  k  K1 have
the same power spectrum as in [9–11, 19]
P (k) =
~
4pi2c3
a41H
4
1k
−1. (22)
The power spectrum of the waves with K0  k  K2 is obtained by numerically computing
µ(a) for each k as in the previous section, and finally choosing the maximum value of µ(a)
in the last period of oscillation as |µ(k)|.
Figure 8 shows log10(P (ω)) vs log10(ω) of the RGWs in the CDE model with both in-
teractions, and some choices of parameters α and w. For the interaction Q1, the power
spectrum of the w = −0.9,−1,−1.1 cases are very similar and the logarithmic plots are
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FIG. 8: Logarithm of RGWs power spectrum vs. logarithm of frequency in CDE model for
interactions Q1 and Q2 and different choices of the parameters w and α. The power spectrum P
and the frequency w are expressed in erg · s/cm3 and s−1, respectively
almost the same. Second to forth panels correspond to interaction Q2, for which the choice
of parameter w has an impact on the power spectrum. When the interaction parameter
is α = 0.001, the resulting power spectrum is almost identical to the non-coupled model
α = 0.0 for both interactions considered.
VI. CONCLUSION
The evolution of RGWs is determined by the scale factor of the LFRW metric. CDE
models predict a scale factor evolution different from a non-coupled dark energy models.
While in the latter models, a sudden transition approximation between dust and DE stages
can be assumed in order to solve the wave equation, in the former models a smooth transition
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between dust stage and present day follows. For some choices of the interaction term, the
CDE stage evolve to an attractor of the system, where ρc/ρφ tends to a constant value
solving the coincidence problem. For CDE scenarios, a numerical solution to the equation
for the RGWs evolution is needed.
In this work, we assume two different coupling terms of CDE: Q1 = αHρφ and Q2 =
αHρc. We solve numerically the equation for the wave in terms of the scale factor a instead
of the conformal time η, for different choices of the coupling parameter α, the adiabatic
constant of the dark energy w, and different wave numbers k.
We find that the larger the interaction parameter α, the lower the amplitude of the
RGWs, in both interactions considered. This result agrees with previous results found in
the literature for density perturbations evolution in CDE models [5]. The mechanism of am-
plification of RGWs is similar to that of the density perturbation, both being perturbations
of the background LFRW metric.
We also find that for the same choice of parameter α and Q, the adiabatic coefficient w
has an impact on the frequency of the wave for values of a near the present day a0 = 1, but
almost the same amplitude.
Finally, when comparing both interactions for the same choice of parameters, we find
that interaction Q1 predicts a smaller amplitude than interaction Q2.
The amplitudes of the RGWs contribute to the power spectrum of the RGWs. In the
hypothetic case that the RGWs power spectrum is determined (or bounded) by observational
data, we will obtain a criterium to validate or discard different dark energy models (coupled
or not) through RGW evolution. Given that dark energy does not interact with ordinary
matter as far as we know, those indirect measurements would be very valuable.
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